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UNICELLULAR OPERATORS
BY
JOSE BARRIA AND KENNETH R. DAVIDSON'

ABSTRACT. An operator is unicellular if its lattice of invariant subspaces is totally
ordered by inclusion. The list of nests which are known to be the set of invariant
subspaces of a unicellular operator is surprisingly short. We construct unicellular
operators on /”, 1 < p < o0, and on ¢, with lattices isomorphic to a + X + B8*
where a and B are countable (finite or zero) ordinals, and X is in this short list.
Certain other nests are attained as well.

An operator T is unicellular if its lattice of invariant subspaces is totally ordered
by inclusion (i.e. LatT is a nest). The purpose of this paper is to construct
unicellular operators with prescribed lattices. These lattices include nests of order
type a + 1 + B* for any countable ordinals « and B.

Halmos (see [13]) first asked for a description of those lattices which may be the
invariant subspace lattice of a single operator acting on a separable Hilbert space.
Which nests are attainable is an important special case, and it has been investigated
by many authors. The best known unicellular operator is the Volterra integral
operator on L”(0,1), which has a lattice order isomorphic to the unit interval [4].
Donoghue [6] showed that certain weighted unilateral shifts have only the obvious
invariant spaces, a nest of order type 1 + w*. The weighted shifts have been
extensively studied, especially by Nikol’skii [10-12], as well as [7, 15].

Construction of unicellular operators for more complicated nests has resisted
attack, and only a few have been found. Notably, a unicellular bilateral weighted
shift (with lattice order isomorphic to 1 + Z + 1) has only recently been constructed
by Domar [5]. More general unicellular Volterra operators have been found in
[2, 14]. Harrison and Longstaff [8] constructed a unicellular operator with lattice of
order type w + w + 1 by putting two weighted shifts together. Their computation
was tricky, and became very complex in a generalization by the first author [1] to the
case wm + 1 + (wn)*. In this paper, we simplify and generalize the method of [8].
This will form the major building block in our constructions.

Let B be an operator such that ||B"|| = O((n')"¢) for some d > 0 which has a
cyclic vector and a cocyclic vector. We show (Corollary 4.6) that « + Lat B + 8* is
attainable for any countable ordinals a and B8 (they may be finite or zero, also).
Since unicellular operators always have cyclic vectors [13, Theorem 4.4], these
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230 JOSE BARRIA AND K. R. DAVIDSON

hypotheses are readily seen to include most of the known examples. In particular,
a + 1 + B* is attainable. It also includes the unicellular operators of order type
(1+Z+ 1nand (1 + Z + 1)w + 1 which are constructed in §5.

There is no (maximal) nest on separable Hilbert space which is known to be
unattainable. It seems plausible that all are attainable. We conjecture that, at least,
all countable nests are attainable. This problem may be somewhat simplified by the
results of [3,9] which imply that a maximal nest is determined up to similarity by its
order type. This reduces considerably the collection of nests that need be considered.

Although our main interest is in operators on Hilbert space, our methods are also
valid in /? or ¢, so we work in this more general setting.

1. Preliminaries. The constructions will take place using Banach spaces of a fixed
type, /7 for 1 < p < oo or ¢,,. These spaces will be denoted by letters 5, )", Z, The
standard basis will be denoted by {e,,n > 0} or {e,, n € Z}. We will use the
notation e for the corresponding functionals in #*. Given copies 5 of the space
for all B less than a countable ordinal a, X5, @ 5#; will denote the /” or c, direct
sum, which is also isomorphic to /? or c itself.

Also note that there is a contractive projection P, onto the f-summand. The dual
space is the /9 or /' direct sum of Lg<o © H5*. When p = 2, we make the usual
antilinear identification of the dual with the original Hilbert space.

By the weighted shift on #’with weights a,, we mean the operator de, = a,e,. 1,
n = 0. There is no loss of generality in assuming that a, > 0 [15], so we shall always
do so. If a, are monotone decreasing (nonincreasing) and belong to /7 for some
p < oo, then 4 is unicellular [10). In this case, | 4%|| = [1¥Z}a, = ||A%e,||. Also

m—1
(0) |4**e, = T1 = 1A™1/1A™ 4,

n=m-—
and for fixed k, this is decreasing as m increases.

The ordinal sum £+.# of two lattices of (closed) subspaces £ and .# consists
of all elements L ® 0, L €.¥ and 5#® M, M € # with the obvious lattice
operations (cf. [13, p. 76]). Note that the unit of .# is identified with the zero of
A . All lattices will be complete with respect to intersection (= inf ) and closed linear
span (= join), and contain a zero {0} and a unit 5#. If « is an ordinal, a* denotes
the dual lattice of a.

Suppose 4 and B are unicellular operators. It would be desirable to have a general
procedure to produce an operator 7 with LatT = Lat A + Lat B. One might
attempt to build T as follows. Pick a cyclic vector x for 4 and a cyclic vector y* for
B*. Let C = x ® y* be the rank one operator Cz = (z, y*)x, and define T = [{ §].
It is easy to see that Lat T contains Lat 4 + Lat B. However, in general this is a
proper subset because Domar [5] has shown that many bilateral weighted shifts have
nonstandard invariant subspaces. Nonetheless, control of the growth rate of || A4"||
and || B"|| often enables one to prove that T is unicellular [8, 1, 5]. The key step in our
construction is to do this whenever B is a weighted shift and ||4"|| dies off rapidly
relative to || B"||. Transfinite induction and some technicalities allow us to soup this
up to B’s with Lat B = (« + 1)* for any countable ordinal «.
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2. The key construction. The idea in [8] is to show that for two carefully chosen
weighted shifts A and B, there are monomials in the operator T constructed above
which converge to an operator D of the form [J#]. We are able to do this in much
greater generality, which will allow us to use induction to build up our operators.

THEOREM 2.1. Suppose S has a cyclic vector g and ||S"|| = O((n')™*) for some s > 0.
Let A be any unilateral weighted shift with weights decreasing monotonely to zero and
belonging to 1” for some p > 0 such that

ey I1S™1 = O(Il4™* ) for all k > 0.
Then there is an operator T of the form [3 ] such that LatT = Lat S + (w0 + 1)*. T
also has a cyclic vector.

REMARK 2.2. Condition (1) can always be achieved. If 0 < r < s, the shift with
weights (n + 1)~" will do. Condition (1) implies the following stronger condition:
(1) IS™l = o(n™}[lA™*¥]) forall k > 0.

To see this, first notice that because a? is monotone decreasing and summable,
lim,_,  na? = 0. Hence,
A7 4P| < afll A" E) = o(n 74T )).
Consequently,
IS(1 = O(||A™***7|l) = o (™! A™*4])).
Furthermore, ||S”||/||4"**|| = O(a?), hence

[e o]
(17) Y IS™I/IIA™ | < oo for all k > 0.
n=1
PrROOF OF THEOREM 2.1. For convenience, multiply S and 4 by a scalar so that
they both have norm at most one. First we construct C. Choose a sequence c, of
positive real numbers in /! such that

) lim c,;l( y cm) - 0.
n—o m>n
Next, we choose an increasing sequence p,, of positive integers such that
(3) nlinolo c;la, =0
and
) N
4 lim ¢} IS* =
@ no AR

This choice is made inductively. (3) can be achieved by taking p,, sufficiently large. If
t,—; is defined, then (1) implies that for ¢ big enough, ||S‘~#-1|| < (c,/n)||4"||/t.
Thus (4) can be achieved by taking p, large enough as well. The operator C is
defined as
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The following lemma is the main ingredient in the proof of Theorem 2.1.

LEMMA 2.3. Let T = (5 S) where S and A are contractions satisfying the hypotheses
of Theorem 2.1, and C is defined as above. Let X, = (c, || A*|)™*, and let

p-3%

o ||Af|| Z

Then

lim A, T%*! = [0

n— oo 0

PROOF. Write
a1
ATl = [}‘"Sﬂ X, .
5 0 A, Akt

Then

N, AP Y] = || A* Y /e, || A% = a, .1 /¢,
which tends to zero by (3). By (1), lim,,_, . ||]A,,S"*}|| = 0 also. Now

"’N
X, =\, S/ICA*.
j=0
Set C,, = g ® c,e; ,and X, , = A, L4, S/C, A* /. Clearly, C = L3_,C,, and X, =
% _1 X, - Also,
SijAun—j =c,Sg® A*un—je:m

Ifm < n, A*e¥ =0 forj > p,. Thus

Bm
1 X, mll = A el 2o S* /g ® A*eX
j=0
S A, + 1)ISE 4 | gl
1 ”S#n‘ﬁ‘n— l”
< Cm”gllcn p’n “AMn”
Hence by (4),
n—1 o —
R N
lim Z ” n, m” ”g”( Z Cm) lim Cnlf"'n AFn =
"= = m=1 n—x ” ”
If m > n, we obtain
l“'ll
11X mll € A 2 UIS7N 1181 11 A e |
Jj=0
p’)l
'"IIgII 4%~ 2 NS/| || A*e e |

CI / (\

2]

SJ
gy 1L
& 2 1A
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The last equality follows from (0). Hence by (2),
lim ¥ | nmu\ngu(z — ) mc;‘( z c,,,)=-0.

=0 p=p+1 j=0 ”AJ” m=n+1

Finally, using (0) again, m = n gives

Ba Fn ]
Z Slg ® A%k J: = Z Sjg ®er.
j=0 ! j=0 ”Aj”

Since 7 olIS’gll/11 A|| converges,

oC

lim A, T#*! = lim X, ,= Y Sg ®er. W
"o n-wx j=o 1471

PROOF OF THEOREM 2.1 (CONTINUED). Let .# be an invariant subspace for 7. If
M is contained in 5] ® 0, it belongs to Lat S and hence to LatS + (w + 1)*
Otherwise, let #, = A N (#,; ® 0), which is clearly also invariant for 7. We need
to show that A, = ¢, ® 0, for then # = 5| ® A" for some invariant subspace A4 of
A. The hypotheses on A force A" to be standard.

In any case, the closure A of the range of the contractive projection of # onto 5%,
is always invariant for 4. Since it is nonzero, it equals span{e,, n > n,} for some
integer n,. By Lemma 2.3, monomials in 7 converge in norm to an operator
D =Y ,Sg/|47|| ® ey. Thus ./ is invariant for D, and so ., and indeed .#,
contams S’g for j > n,. But g is cyclic for S, so .#, together with S’g, 0 < j < ny,
spans ). Thus . has finite codimension in 5. As " has finite codimension in
X, it follows that . has finite codimension also.

Suppose A, does not equal »#, ® 0. Consider the restriction B of the adjoint T*
to the invariant subspace #* . Since #* is finite dimensional and T is quasinilpo-
tent, B must be nilpotent. Let ¢ be an integer such that B? = 0. Then T*7 annihilates
A+, and thus the range of 77 is contained in .#. Choose any p,, > n, such that
Bm > By + q. Then A contains 70 & e, _,.,)=ag ® be, ., where a and b
are both nonzero. Thus . contains the vector g, which is cyclic for S, and hence all
of 0. m

COROLLARY 2.4. If S has a cyclic vector and ||S"|| = O(n')™*) for s > 0, then
Lat S + (w + 1)* is attainable. W

COROLLARY 2.5 [1]. For any finite nonnegative integers m and n, wm + 1 + (wn)*
is attainable.

PROOF. (wm + 1)* is obtained by induction as the lattice of an operator B. Since
B* is unicellular (with lattice wm + 1), it has a cyclic vector. So by induction n times
more, wm + 1 + (wn)* is obtained. One need only verify the norm estimate at each
stage. These will be verified in the next section. W
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REMARK 2.6. Given S as in Theorem 2.1, the operators 4 and C can be chosen to
have arbitrarily small norm. Lemma 2.3 holds for any vector g, even if it is not
cyclic.

3. Norm estimates. We need a method for controlling the growth of ||7"|| for the
operators we construct. For our purposes, the tidiest and sharpest results are
obtained by using specific growth constants. However, in other contexts a more
general result might be required. Such a result is stated without proof at the end of
the section.

Let

M(k,e) =supk"(n!)".

This is finite, and achieves its maximum at n = [k'/¢]. Since k" is the sum of all the
multinomial coefficients (,,, .., ) it follows that

mymy-
n

(s ) < My

Thus if m, are nonnegative integers with ©¥_,m, = n, we obtain
k -1 .
(l_[mi!) < M(k,e)(n)" .
i=1

LEMMA 3.1. Let p, be an increasing sequence of positive real numbers, and ¢, a
sequence monotonely decreasing to zero. Suppose that || A}|| < (n')™?* forn, k > 1, and
NGl < [K'M(k + 1, & )M(2, €))7+ Let

A, O
T= “ éz A
2 3
@)

act on #= L2, & K,. Then ||T"|| = o((n') P*¢) for all e > 0.

ProOOF. The operator T" has nonzero entries only on the subdiagonals for
0 < r < n. Let T}, denote the rth subdiagonal, which has entries of the form

— m m . m,
X, = Y ACATCyy o G AT

where the sum runs over all nonnegative integer solutions of ¥%_om; = n — r. The
number of solutions of X% _,m, = n — ris exactly (7).

Now |||l = sup|| X, ;||. Although there is no condition on the relative sizes of the
various ||C, ||, the estimates are monotone decreasing. So it suffices to estimate || X, 4|
in order to bound ||7;},||. In particular, note that ||C,|| < 1 for all k since M(k, €) > 1.
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Let 0 < e < 1 be given, and set § = ¢/2p,. We compute

r
TG limax H 14741

1T <

[FtM(r +1,6)M(2,¢,)] " M(r +1,8)7((n - r)) 70"

M(rt1e) "') " (= M2, 6,)) PO

(7)
< (7)icimax H ()"
<(7)
<(7)

M(l‘+ 1’8) n M(2,8) pl(l—S)(n')‘Pn(l—s)z
M(r+1,¢,) M(2,¢,) ’ ’

Let

K—sp[

r>0

M(r+1,8) || M(2,8) |¢7®
M(r+1,¢,) M(2,¢,) ’

which is finite since the terms are less than one if ¢, < §. Hence
‘ p11-)?
IT" < T < K Z ( )(nty?
=0

- Kzn(n!)‘Pl(l—S)
= o((n!)'p‘(l—za)) =o((n)™""). m

COROLLARY 3.2. Suppose
A, C _
= = 1P
T [0 Az] and (|47 = 0((n)7")

fori=1,2,p>0.Then |T"||= o((n!) ?*) foralle >0. B

COROLLARY 3.3. Suppose

O 4,

and || 47|l = O((n")™?) for 1 = 1,...,n, and p > 0. Then ||T"|| = o((n!)~""*) for all
e>0. m
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REMARK 3.4. Suppose the numbers p, are strictly increasing, and set

- -

o O
Ck+l Ak+2

T= Ciss
O

It follows from Lemma 3.1 that ||T}|| = o((n!) ?x+1*¢) for all e > 0.

It may sometimes be desirable to require || A¥|| to die off much more rapidly than
(n")~°. We state the following result without proof. It will not be used in our
constructions.

PROPOSITION 3.5. Let (k) be monotone decreasing to zero, and let A, be the
weighted shift with weights e(k). Suppose that | AL|| < || A3 and ||C, || < || A&¥||. Then

A, O
C, A,

T= G
O

satisfies ||T")| = o(||43"|). =

4. Countable ordinals. We are ready to construct unicellular operators for arbitrary
countable (successor) ordinals. It is an elementary fact that the restriction of an
operator T to an invariant subspace .# has LatT|# = { ¥ € LatT: L C .4 }.
Thus it will suffice to construct operators 7 with Lat T = wa + 1 for countable
ordinals a. In fact, we will construct 7 with Lat T = (wa + 1)*. The dual T* will
have the desired lattice. This does not quite work for ¢, but the nature of the
operators constructed is such that those T acting on /! are of the form S* for an
operator S on c,. Hence, Lat S = wa + 1. The details will be left to the reader.

First, we describe the nature of the operators to be constructed. For convenience,
we will call these operators shifts of class a with weight interval [a, b]. Let [a, b] be an
interval in R*. Let p be a function from a into [a, b] such that

p-(B) =supp(y) <p(B)
Y<B
for all B < a. Let pg denote p(B). Set
& = min{%(l’pﬂ - Pp)al}
for B < a. The operator T to be constructed will act on the space #'= YLz, @ H#5.

For B < a, let Ag be the weighted unilateral shift on J#; with weights eg(n + 1)775.
Then

451 < eg(n) ™ < (n1)™” forn>1,
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and
1430 = (n!)™~% for n sufficiently large.
For B+ 1 < a, we define rank one operators Gy = ¢ ® Y from H#; to 2 =

Lg<y<a ® I, with |l¢g]| <1, and Y5 = Z‘,’f:lcfe;fg satisfying the following condi-
tions:

oc
(2) lim ()" ¥ & =0, ch < eg;

n—o m>n n=1

(3) lim (c8)'(pf1)™ = o0;

n—oo
B _ B 1] Pertes

, . 8 -1 B[(P‘n p’n—l)'] =0
(4) "lingo(c,,) ph ||A§5II )

Define T = Y4 ,A45 + Lg.1<,(s and T = T|Zj,. The vectors ¢ are chosen so
that the following conditions are satisfied:

(5" IT"| = O((n!)™"*) forsomee >0, and

|73l = O((n!)™*"*) forallf +1 < a,and somee < ¢,;
(6) Jlim 19y =0 forall B < asuch that § + & <
and
(7) g is cyclic for Ty.

The operator T so defined is what we call a shift of class a with weight interval
[a, b].

REMARK 4.1. The main concern of this section is to prove the existence of the
operator T described above. This is important because these operators will give all
the nests which are order isomorphic to countable ordinals. The existence of T is a
nontrivial problem because (5')—(7’) are very restrictive conditions. The construction
of Y, satisfying (2")-(4’) can be done easily. Indeed, this follows from the proof of
Theorem 2.1 because the condition (1) there is satisfied by 4 = zs,;‘A,3 and the
weighted shift S with weights (n + 1) 7s+1%%,

LEMMA 4.2. Suppose B acts on a space X', has a cyclic vector f, and||B"|| = O((n')~%)
for somed > 0. Let T be a shift of class a with weight interval [a, bland0 < a < b < d.
(i) Given 8 > 0, there is a rank one operator C with ||C|| < 8 so that S = (8) has
Lat S = Lat B + LatT.
(ii) If B is a shift of class B with weight interval [d,, d,) and b < d,, then S is a shift
of class a + B with weight interval [a, d,).
(iii) T is unicellular.

PROOF. We assume that || f|| = 1. First, suppose a is a successor ordinal & = a, + n
with @, a limit ordinal or 1. Define C=C, ., =f® ¢, ,.,_, where ¢, ,, ,
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satisfies (2')—(4) with p, ., =d and ¢, ,, | = 4(d — b). Then n applications of
Theorem 2.1 and Corollary 3.2 show that

B Cao+n—l O

Aa0+n-1 Ca(,+n—2

B = Aa0+n—2
G
0

O
Aa
- 0_

has Lat B’ = Lat B + (1 + w*n). If B was a shift of class 8 for [d,, d,] (d; > d),
then B’ is a shift of class n + B for [ p,, d,]. By Corollary 3.2,

1Bl = o((nt)7"™)

with 8, = 3(p,, — P(ay)). Clearly T" = Lz, (Ag + Gp) is a shift of class &, with
the weight interval [a, p_(a,)).

Thus, all the assertions of the lemma involving B can be proved under the
assumption that « is a limit ordinal. In this case, for 8 < a, define

g = min{(b — a) ' 8llggl 2, 5(1 - ||¢B||)}-
Define C = f ® Y45 ,cg¥p. Then

ICI < (b—a)"'8 % Iygll <8(b—a)" X e <.
B<a B<a

Let S = [§ §]. Let G = (I — P3)SPg. Then

Note that Cg is still a rank one operator with the same initial functional ¥4, with
93 = ¢ + cpf as the range and
llgall < liggll + $(1 = llggll) < 1,
and lim_, _[|¢3. || = 0.
Now we are ready to show that Lat S = Lat B + LatT. Fix # in Lat S. If A4 is
contained in " ® 0, there is nothing to prove. Otherwise, let 8 be the least ordinal so
that Py M = 9?;3’ is not {0}, where Py is the contractive projection onto . Then #f

1s invariant for Ag, so it has finite codimension in #}. Let A, be the restriction of Ag
to g, let S = S| ® Zp for B < a, and let

Sg G

Re=lo 4

It is clear that . is also invariant for R, (here 4 is considered as a subspace of
XD Xy @ Hy).
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By Corollary 3.2, ||Sg|| = o((n!)"7s-1"%) and so ||S§|| = 0(||(A;3)"+"||) for k > 0.
Conditions (2)-(4) allow us to apply Lemma 2.3 to get monomials in R, converging
to
= Sy
Di= ) ———®e*,
j=0 1441l
where {e]} j>0 is the standard basis for . Now D; = DgP;, and Py is dense in
oy . Hence Dgej = ¢ belongs to #. So M| =M N (KX @ Zp) contains ¢ = ¢ +
cgf.

BNow we repeat this procedure w times. Since Py, #, contains Py ¢ Which is
cyclic for 44, ;, we obtain PB+ M = Ay, Repeating the process above with Rg., ;,
we conclude that ¢4, = ¢, + ¢4,/ belongs to /. By induction, the vectors
$p.; = g, + ¢z ;f belong to A. Since cg ll¢g. | tends to 0 as j tends to oo, it
follows that f belongs to ..

But fis cyclic for B, whence all of )" belongs to #. So 4 = X & A where A" is a
subspace of ¥ invariant for 7. This concludes the proof that Lat S = Lat B + Lat T.

Now we take up the unicellularity of T. Fix / in Lat T. Let 8 be the least ordinal
so that Pg# = 5t} is not {0}. Then the first part of the induction above shows that
¢ belongs to . Since ¢4 is cyclic for Tz we conclude that 25 C A and so
M =ZL®Zy where £ is an invariant subspace for A,z This implies that T is
unicellular.

Finally, we further assume that B is a shift of class 8 with weight interval [d,, d,]
where d, > b. To prove that the operator S constructed above is a shift of class
a + B with weight interval [a, d,] we have still to verify conditions (5’) and (7).
Condition (5") follows from Corollary 3.2. Since Lat S = Lat B + Lat T, and since
both B and T are unicellular, then S is unicellular. Now condition (7°) follows
immediately. ®

THEOREM 4.3. For every countable ordinal, the lattice a + 1 is attainable.

PROOF. By the remarks at the beginning of this section, it suffices to show that
(wa + 1)* is attainable for every countable ordinal «. This in turn will be achieved
by proving the existence of shifts of class a for all such ordinals. We assume that
shifts of class § with arbitrarily prescribed weight intervals exist for all ordinal
B<a

First, suppose a = a, + a; with a, and «, less than a. Given [a, b], choose a, and
b, witha < a; < b, < b, and let 4; and A4, be shifts of class a; and a, with weights
in [a,a,] and [b,, b], respectively. By Lemma 4.2, there is a shift S of class
oy + a; = a with weights in [a, b].

In the second case, a > &, + @, whenever a, and o, are less than a. Write
a = lim,_, , a,, where each a, is less than a. Then a = £¥_,a,. Given [a, b], let
[a,. b,] be disjoint intervals contained in [a, b] with a,, | > b, for all n > 1. Let B,
be shifts of class a, with weights in [a,, b,]. Define E, using Lemma 4.2 so that

Bn+1 En
Lat( 0 B

n

n>=n

) = LatB,,, + Lat B,,
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and so that ||E,|| is small enough to satisfy the hypothesis of Lemma 3.1 with
6” = %(an_'_l - bn). LCI

Bn+l O
By O E B
E B n+1 n+2
_ 1 2 _ E,
T= E, B, and ‘T,, +2
O
O

Then T has the form of a shift of class X¥_,a, = a. All the properties are
automatic except for (5°) and (7’). The first of these conditions follows from Lemma
3.1. The second will follow after we prove that T is unicellular. Let 4 be invariant
for T, and let n be the least integer for which P,.# = 4" is not {0}. As in the proof
of Lemma 4.2, it follows that the vector g, , in the range of E, must belong to .#.
The intersection of & with Z, = ¥, _,.; ® 5, is invariant for T, so by repeating
the argument, we obtain that g, , belongs to . as well. Inductively, one finds that
8.+ belongs to A for all k > 1.

Now g, . is cyclic for B, , on 5, . We wish to show that B/, , g, , belongs to
M for allj > 0. Suppose B/, , g, , belongs to #. Then

TB 8k = Blik8nik + EnsiBlik8usk = Bili&usk + N8nsks1-
Hence B/} }g, .,  belongs to.#. Therefore, Z, belongs to #, so# = Z, & A", and A
belongs to Lat B,. By Lemma 4.2, each B, is unicellular, so T is unicellular also. ®

COROLLARY 4.4. If B has a cyclic vector and ||B"|| = o((n')~¢) for some d > 0, then
Lat B + a* is attainable for every countable ordinal «. W

COROLLARY 4.5. If a and B are countable ordinals, then « + 1 + B* is an attainable
lattice on cy and I” for 1 < p < oc0. M

COROLLARY 4.6. If B is acting on [?, | < p < oo, B and B* have cyclic vectors,
|B"|| = o((n')"¢) for some d > 0, and countable ordinals a and B are given, then
a + Lat B + B* is attainable.

PROOF. Since B* has a cyclic vector, there is an operator 4 on /9 with Lat 4 =
Lat B* + a* and ||4"|| = o((n!)"“") for some d, > 0. So Lat A* = « + Lat B and
A* has a cyclic vector. Apply Corollary 4.4. B

Specific examples of B’s which are interesting are the Volterra type operators of
[2] and the bilateral weighted shift of [S]. A generalization of the latter is obtained in
the next section. By [13, Theorem 4.4], if B is unicellular, then B and B* have cyclic
vectors. So in this case, only the growth condition of Corollary 4.6 need be verified.

REMARK 4.7. If T is a shift of class a with weights in [a, b] and a > 1, then T is
nuclear (trace class). In general, on Hilbert space, T is of class €, if pa > 1.

REMARK 4.8. If may be desirable to have unicellular operators with lattice order
isomorphic to a + 1 for which ||T"|| dies off at a prescribed (very fast) rate. A
similar construction to the preceding one can achieve this if one uses Proposition 3.5
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in place of Lemma 3.1. One needs the easy fact that given any countable collection
of sequences, there is a sequence which decays much quicker than any of them. It
seems inevitable that in general the weights of A must die off at an incredibly fast
pace.

5. Unicellular operators of integer type. In [S], Domar shows that certain bilateral
weighted shifts are unicellular, and thus have a lattice order isomorphicto 1 + Z + 1.
We show that methods analogous to those of §§2—4 allow us to put finitely many or
w of these shifts together.

THEOREM 5.1. For each m < w, there is a nuclear operator T on [¥ or c,
1 < p < oo, with Lat T order isomorphic to (1 + Z + 1)m (also (1 + Z + 1w + 1),
and ||T"|| = o((n)™").

To facilitate the exposition, say that an operator B is of type Z,, for p > 0, if:
@ ||B"|| = o((n)™P).
(b) There exist vectors g,, n > 0, such that ||g,|=1, Bg, = g,_;, n > 1, and

b, = 118,l1/118,+1ll is decreasing,
(c) The smallest B invariant subspace containing { g,, n > 0} is 5.

LEMMA 5.2. Given B of type Z,, and 0 < s < p, there is an operator T of type Z;
such that LatT=LatB+ (1 + Z + 1).

ProOF. The desired operator will have the form T = [§{] where 4 is a bilateral,
unicellular weighted shift and C is a compact operator taking certain vectors e, to
multiples of g, , where p,, and #, both tend to infinity with n. As before, we will show
that certain monomials in T converge to operators of the form (2~). However, in
order to make certain norm estimates, we have been obliged to make a very delicate
choice in our construction.

Fix r such that s < r < p. Let 4 be a bilateral weighted shift with positive weights
a,. Set

n—1

n
2, = || 4"l = r!)a,- and Q_, = A4*"eg] = l'lla-i
i= i=

for n > 0. Choose the a,, so that

(i)a,=(n+1)y"forn> 0,508, =(n)";

(ii) a_, is monotone decreasing and £_, = 0(4™""); and

(iif) T4 2,182l < 0.

Conditions (i) and (ii), together with Corollary 3.2 imply that ||T"]| = O((n')™"),
regardless of the choice of C. The monotonicity and the fact that _, decreases
rapidly imply [5] that A is unicellular. Condition (iii) will be used to control certain
terms that occur in the computation of T".

Fix a cecreasing sequence c, such that ¥°_,c, < co. We will define sequences of
positive integers », and p,, and then C will be defined as C = L°_c,,| g,"||“gy" ®ey.
Also, set ¢, = », + p, and R = [r~' + 1]. The numbers », and p, will be defined
inductively so that

@) b, < 27,8,

PES i



242 JOSE BARRIA AND K. R. DAVIDSON

(V) »,,, > 4t,; and

(VD) bybyin < @, 1r-1 < byg_aby_g Wherek = v, ., — 21,

To achieve this, first choose any » large enough to satisfy (iv) and (v). Let p,,, ; be
the least integer so that a, =, r_y < byr_2byy—y for k" = v — 21, Then take »,
to be the unique integer > » satisfying (vi).

Let K = max{Q_, |18 IIB¥|l/Q: k > 0}, which is finite by (a), (i) and (iii). For
eachm > 0,

_ -1 _
|4™| = max Q_,Q,_, < K max ||gyll"'Q,_x = n(m)
0sk<sm 0<ksm

and ||B"|| < K®,, < n(m) as well. The sequence 7 is decreasing. To calculate n(m),
consider the ratios

-1
B, = 82442l m—i—1 _ Daxbays
k -1 :
82kl L Gm-k-1

These B, decrease monotonely since, by (b), b,,b,, ., is decreasing, and by (i), a,,_,
is increasing with k. So the maximum 7(m) occurs when B, <1 < B,_;. That
means, when
bykbrisi1 <@y and a,_, < by by .
For m,,, =1t,.; + R — 2t,, condition (vi) shows that this holds exactly for k =
V,+1 — 2t,. Thus,
-rR

Q Q
+R
bt R gt Bl g

K

1825, ,~ar, I g, I
< K C’H‘lQl"nH (< Kt;r
iy | g, I |7t

The last line follows because of (i), (iv), and the fact that (a), (i) and (vi) easily imply
that tn+1 < 2p‘n+l‘
Fix N > 1, and consider A\, 7"~V where

A=l lg -

B

T'(mn+l) =

n+1An+l

For n large enough, N — 1 < 2¢,_, — R and hence m, <t, + 1 — N. We obtain
that||A,A*'~ || and ||A,B"*!~ | are both less than Kz;'t," |, which tends to zero

n—1°

as n increases. Let X, be the (1,2) entry of A, 7!~ ", Set

t,— N
= -1pj xt,—N—j,%
"Yn.m - An Z cm”gvm“ B"Igvm ® A*" jep,,,'
j=0
= Yo
Note that X, = X5%_, X, ..
First, consider m = n.
w,—N
= -1 *p,~N—j,%
nan >‘,1Cn||gy,,” Z 8- ® A** /ep,,
J==v,
=N

—_ *
= 2 8, ®qek,.

==y
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whereg ;= Blgyifj > 1,0, = QY ;if N+ > 0,and @; = @y, if N + j < 0. One

has

oC

i_o:ng SRR, < iannﬂm, 2 UYPUN+)) <o

and
—oC
j=-2N

—_ *
Hence, X, , converges to Dy = X% _, g, ® a;ef..
Next, consider m < n:

X, Jl<Ac,(t,+1—N) ”ng””'””A*’"' N=Jex
mom = e 0<% vollg o
<N, t, K max QjHA*‘""‘m‘N‘fegH
OSISL,_N_IL,"
< Cm}‘ntnKOSjsin_a:i_l Y Q_(I" ty-1=N=J)
< cmAntnn(mn) < Cmtr::l'
Finally, we estimate|| X,, , || for m > n.
1B’g,, |
X  |l<c,\,t, max A*t=N=lg* |
” n,m”\ m'tn ”OSjSt— ”g”m“ ” Iim
i Q
NP R
0<j<t,—N IIg,,mll 9;1.,,,+N+j—r,,
Compute the ratio of the (j + 1)st term to the jth term
N8, —j—all S, snejm, S b,, _ b, [p,+R+1
"gvm-—j" me+N+j+l—l,, a, —1, Gy +rR[MHm— T 1

b,
> 27— =277p; > 277

by,

oc o0
2 18 fys = X 1gnanlQy < X 1182419, < o0.
n=N n=N

For n sufficiently large, the ratio is greater than 1 for all j. So the maximum is

attained atj = ¢, — N. Thus

1Kl bt [
¢ o
mll S EmPnly gy,
v pa—N
cmAntn(bv,,H—l,,) ”(b'/,.u‘fn) '

A alll 8 17 (Cpints /2)M "
< cm[(pn!)'(tt,‘"_'v)_r] [t,,ZN"‘"] .

Because p,, < t, < 2p,, it follows that both bracketed expressions tend to zero as n

tends to infinity.
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Combining these last two estimates and X%_,c, < o, we obtain
lim,_, X, ../l X, .l = 0. Altogether, we have
lim A, 7%=V = D,
nh—oc
Let # be an invariant subspace for T. If / is contained in 5#; & 0, it must belong
to Lat B. Otherwise, the projection P..# = 4" is invariant for 4, and thus contains
some e, . Since ./ is also invariant for each Dy, contains Dye, = a, _n8n_p, for
all N = 1. By (c), # contains all of /#, ® 0. Hence # = 3¢, ® A"
This shows that Lat T = Lat B + (1 + Z + 1). The vectors 0 & e_,, satisfy condi-
tions (b) and (c). Thus Tis of class Z,. W

COROLLARY 5.3. There are nuclear operators T on I? and c,, 1 < p < oo, which are
unicellular with lattice order isomorphic to n copies of (1 + Z +1). 1

COROLLARY 5.4. There is a nuclear operator T with LatT order isomorphic to
1+(0+Z+ 1Do*.

PrOOF. Pick constants 1 <ry <r, < -+ <2,2>p, >p,> --- >1andg,such

that ¥ &, < oo. Let 4, be bilateral weighted shifts with weights a{” = ¢;n~", n > 0,
i —-nPi
a2 =4, n>0.
Then
) n . n 5
Q) =T]a") = e,'.'exp(—log4 Y k”') =o0(4™")
k=1 k=1

since p; > 1. Also

(i) (i+1) “(n+1)P
Q—n—l s-2-2(n+1) _ 81'4 (nrh
(i) yQUi+1) - i1 i
Q_n/fz_z" e,-2+14 Q2n+1)Pi+1 —2n+2)Pi+1

< € 4_(,,+1)/',[1_zp,n+1(,,+1)n,+1-m}
€1
This is less than 1 for n large, thus £ ,Q¢) /Q¢} D < co.
Use Lemma 5.2 to define C;, from 5 to 5., using g, = e+ and thus

b, = a"*V, and choose {c,} so that ||C,|| conform to the requirements of Lemma
3.1. Then let

4, O Ay O
C A G A;
| 2 and T = +1 +2
G 4 Gz Aiss
O U O
By Lemma 3.1, ||T,"|| = O((n!)~""*"+1/2), Using g, = €'V, the operator T; satisfies
(a) and (b) of the definition of type Z, for r = 4(r, + r,,;). By the proof of Lemma
5.2, there are monomials in
. _[n o«
i-1 - O A .

1
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which converge to
0 £
DY = T ef*Veafely + X T el ® alel,
J=-oC j=1
where (" are constants.

Let # be invariant for 7. If ./ is not zero, let n, be the least integer such that
P, M = A is not zero. Then A is invariant for 7,_, and thus for DY, N > 1. Since
A" is standard, it contains some e;’. So.# contains all e("*" for j < 0. By induction,
M, =MNLEZ, & H, contains e{"), j <0 for all n > n,. Finally, since C, takes
each J#, into span{e{"* ", j < 0}, it follows that whenever e{" belong to ./,

n

(mMe(n) — (n) — (n) _ (n)
a;"eily = A" = Te; C,€;

also belongs to.#. Hence ./ contains each J#, for n > n,. Thus # = A" ® L2, .|,
is of the desired form.

Finally, a duality argument can be used to obtain an operator T with Lat T =
(1+Z+ 1w+ 1on!/? p > 1. Itis also easy to see that the T constructed above on
[' is the dual of a ¢, operator, which gives one on ¢, as well. B

6. Concluding remarks. There are basic limitations to the method described here.
Since we rely on finding monomials in 7 = [§ §] which converge to a nonzero
operator [ 2], it must follow that, in particular, AD = DB. In general, there will be
no nonzero solutions of this equation. A case in point occurs when 4 and B* are
both weighted shifts. This is because 4 is one-to-one and span{ker B", n > 0} is
dense in 5. Thus there is no hope of proving Domar’s theorem by these methods. It
also explains the requirements on the operators constructed in the last section.
However, we believe that this method has not reached its limits, and that it may help
to attain all countable nests.

The other method which will likely prove to be important is the use of integral
operators. Given an order type of a nest, it is easy to write down integral operators
whose lattice contains the desired nest. Some reasonably general criterion for when
such an operator is unicellular would be desirable. An interesting test case would be
to try to obtain Larson’s nest order equivalent to the Cantor set. Let p be counting
measure on Q, and let c,, be positive constants for r < s in Q such that ¥ ¥ c,, < .
Define Tf(r) = L, c,,f(s) for fin L?(p). Find sufficient conditions on {c,,} for T
to be unicellular.
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